Abstract. Let M be an R-module. An R-module M is called multiplication if for any submodule N of M we have N = IM, where I is an ideal of R. In this paper we characterize primary submodules of multiplication modules.
In this paper, all rings are commutative with identity and all modules are unitary. For a submodule N of an R-module M, the set {r ∈ R : rM ⊆ N} is denoted by (N : M) , this is the ideal Ann (M/N) . A submodule N of an R-module M is said to be primary if N = M and whenever r ∈ R, m ∈ M and rm ∈ N, then m ∈ N or r n ∈ (N : M) for some positive integer n. Let P Spec (M) denote all primary submodules of M. If N is primary submodule of an R-module M, it is easily shown that (N : M) is primary ideal of R. If P is a maximal ideal of R, T P (M) = {m ∈ M : (1 − p) m = 0 for some p ∈ P } . Clearly T P (M) is a submodule of M. We say that M is P -cyclic provided there exist q ∈ P and m ∈ M such that (1 − q) M ⊆ Rm.
In Example 1 we show that P Spec (M) may be empty.
Example 1. Let p be a fixed prime integer and N
0 = Z + ∪ {0} . Then M = E (p) = {α ∈ Q/Z : α = r/p n + Z for some r ∈ Z and n ∈ N 0 } is a nonzero submodule of the Z-module Q/Z. For each t ∈ N 0 , set G t = {α ∈ Q/Z : α = r/p t + Z for some r ∈ Z} . G t is a cyclic submodule of E (p) generated by 1/p t + Z for each t ∈ N 0 . Each proper submodule of E (p) is equal to G i for some i ∈ N 0 . (G t : Z E (p)) = 0 for every t ∈ N 0 . However no G t is primary submodule of E (p) , for if p k / ∈ (G t : Z E (p)) = 0 for all k and β = 1/p i+t + Z / ∈ G t (i > 0) , but p i β = 1/p t + Z ∈ G t .Consequently, P Spec (M) = ∅.
Theorem 1. Let R be a commutative ring with identity. Then, an R-module M is a multiplication module if and only if for every maximal ideal
For an ideal I, the intersection of all prime ideals containing I is called radical of I and denoted by √ I. It is well known that √ I = {a ∈ R : a n ∈ I for some n} . Let M be an R-module and N a submodule of M.A submodule N of M is called prime if N = M and whenever r ∈ R, m ∈ M and rm ∈ N, then m ∈ N or r ∈ (N : M) [see, for example, 3 and 5, 6] . In [2] ,Zeinab Abd El-Bast and Patrick F. Smith proved that if M is a faithful multiplication module and P a prime ideal of R such that M = P M then P M is a prime submodule of M. Now, we prove that if M is a faithful multiplication module and P a primary ideal of R such that M = P M then P M is a primary submodule of M.
Theorem 2. Let P be a primary ideal of R and M a faithful multiplication
By Theorem 1, M is Q-cyclic, that is there exists m ∈ M, q ∈ Q such that (1 − q) M ⊆ Rm. In particular, (1 − q) x = sm and (1 − q) ax = asm = pm for some s ∈ R and p ∈ P.
∈ P for all m, n ∈ Z + and P is primary) and (1 − q) x = sm ∈ P M ⇒ 1 − q ∈ K ⊆ Q, a contradiction. It follows that K = R and x ∈ P M, as required.
Corollary 1. Let M be a faithful multiplication R−module and P a primary ideal of R such that M = P M. Then P M is a primary submodule of M.
Proof. Let P be a primary ideal of R and M a faithful multiplication R-module.
where a ∈ R and x ∈ M by Theorem 2. Therefore, P M is a primary submodule of M. 
Theorem 3. Let R be a Q-ring and M a faithful multiplication R-module.
Then, M is a Q-module.
.., Q n are primary ideals of R. Since N = M, there exists a primary submodule 
